Week #11

Some problems and solutions selected or adapted from Stewart Calculus.

Triple Integrals

(a) Here

E={(z,9,2)|0<2<1,0<y <V,
0<z<1l+z+y},
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(b) The projection of E on the yz-plane is the disk
y? + 22 < 1. Using polar coordinates y = r cos 6

and z = rsinf, we get
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The plane y + z = 1 intersects the xy-plane in the line
y=1,s0

E={(z,y,2)| —1<z<1,2°<y<1,
0<z<1-y}



If Dy, Dy, D3 are the projections of E on the xy-, yz-,
and xz-planes, then
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Therefore
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Triple Integrals in Cylindrical Coordinates

4. Evaluate / / / (x+y+z) dV, where E is the solid 5. Evaluate / / / 2% dV, where E is the solid that
B

E
in the first octant that lies under the paraboloid lies within the cyliner z? + y?> = 1, above the

z2=4—x% -2 plane z = 0, and below the cone 22 = 4x2 +4y2.

The paraboloid z = 4 — 2 — y? = 4 — r? intersects the
xy-plane in the circle 22 +y?> =4 or r? =4 = r = 2,
so in cylindrical coordinates, E is given by

{(r,@,z)|O§9§7r/2,0§r§2,0§z§4—7“2}.

Thus
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In cylindrical coordinates, E' is bounded by the cylinder
r =1, the plane z = 0, and the cone z = 2r. So
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6. Find the volume of the solid that is enclosed
by the cone z = +/22+y2? and the sphere
2?4+ y? + 22 =2.

In cylindrical coordinates, E is bounded below by the

cone z = r and above by the sphere r? + 22 = 2 or

z =12 —r?%. The cone and the sphere intersect when

22 =2=r=1,s0

E:{(r,&z)|O§49§27T,0§T§1,r§z§\/2—r2}

and the volume is
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7. Find the mass and center of mass of the solid S
bounded by the paraboloid z = 42% + 4y and

the plane z = a (a > 0) if S has constant density
K.

The paraboloid z = 4z2+4y? intersects the plane z = a
when a = 422 +4y? or 22 +y? = ia. So, in cylindrical

coordinates,
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Since the region is homogeneous and symmetric, T =
y=0.

The z coordinate for the center of mass does require
some calculation:
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