Week #6 - Defining and Estimating Integrals as Areas

Some problems and solutions selected or adapted from Stewart Calculus and Hughes-Hallett Calculus-Early
Transcendentals.

Distance And Velocity

Just counting the squares (each of which has area repre-
senting 10 (m/s)-(s) = 10 m of distance), and allowing
for the partial squares, we can see that the area under
the curve from ¢ = 0 to t = 6 is between 140 and 150
units. Therefore the distance traveled is between 140
and 150 meters.

Problem code: ALJYM
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(a) The velocity is always positive, so the particle is
moving in the same direction throughout. How-
ever, the particle is speeding up until shortly before
t = 0, and slowing down thereafter.

(b) The distance traveled is represented by the area
under the curve. Using whole grid squares, we
can overestimate the area as 3+343+342+1 =
15 squares, and we can underestimate the area as

14+242+1+0+0= 6 squares. Each square repre-
sents 1 (cm/sec)-(s) = 1 cm, so the particle moved
in one direction between 6 and 15 cm.

Problem code: SUVCW

(a) With n =4, we have At = 2. Then
to= 16,11 = 17,1y = 19, t5 = 21,14 = 23,
and
flto) = 10,f(t1) = 13,f(ta) = 18,f(ts) =
20, f(ts) = 30.

(b)
Left sum = (10)(2) 4+ (13)(2) 4 (18)(2) + (20)(2)
=122
Right sum = (13)(2) + (18)(2) + (20)(2) + (30)(2)
=162

(¢) With n = 2,we have At =4. Then
tg = 15;t1 = 19;t2 = 23 and
f(to) =105 f(t1) = 18; f(t2) = 30.

(d) This time, n = 2 intervals, so our time interval is
longer at At = 4.

Left sum = (10)(4) + (18)(4) = 112
Right sum = (18)(4) + (30)(4) = 192



Problem code: XDQVJ

(a) With n =4, we have At = 4. Then
to = 0;t1 = 4;to = 8;t3 = 12;t4 = 16 and
flto) = 25:f(t1) = 23;f(t2) = 22 f(ts) =
20; f(ts) = 17

(b)
Left sum = (25)(4) + (23)(4) + (22)(4) + (20)(4)
= 360
Right sum = (23)(4) + (22)(4) + (20)(4) + (17)(4)
= 328

(c) With n = 2,we have At = 8. Then
to = 05ty = 8ty = 16 and f(to) = 25; f(t1) =
22; f(te) = 17

(d)

Left sum = (25)(8) + (22)(8) = 376
Right sum = (22)(8) + (17)(8) = 312

Problem code: BVVWR

Using At = 2,

Lower estimate = v(0) - 2+ v(2) -2 +v(4) - 2
=1(2) +5(2) +17(2)
=46

Upper estimate = v(2) - 2+ v(4) - 2 + v(6) - 2
= 5(2) + 17(2) + 37(2)
=118

46 + 118

A =
verage 5
=82

Distance traveled ~ 82 (?) (s) = 82 meters.

Problem code: QTJWZ

Using At = 0.2, our upper estimate is comes from using
the smallest possible ¢ value on each interval, because
that leads to the largest velocity. I.e. we use tg = 0,
t1 = 0.2, etc.

1

1 02 P 2
17002+ 775302+ 7775202
——
v(to)
1
+ (0.2) + ——(0.2) ~ 0.75

14+0.6 1+0.8

The lower estimate is
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Since v is a decreasing function, the bug has crawled
more than 0.65 meters, but less than 0.75 meters. We
average the two to get a better estimate: 0.65 + 0.75
2 = 0.70 meters:

Problem code: UQBQD




10.

The velocity is constant and negative, so the change in
position is —3 - 5 cm, that is 15 cm to the left.

Problem code: GKNDR

From ¢ = 0 to t = 3, the velocity is constant and posi-
tive, so the change in position is 2 - 3 cm, that is 6 cm
to the right.

From ¢ = 3 to t = 5, the velocity is negative and con-
stant, so the change in position is 3 -2 cm, that is 6 cm
to the left.

Thus the total change in position is 0. The particle
moves 6 cm to the right, followed by 6 cm to the left,
and returns to where it started.

Problem code: LYBZU
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From ¢t = 0 to t = 5 the velocity is positive so the
change in position is to the right. The area under the
velocity graph gives the distance traveled. The region
is a triangle, and so has area (1/2)bh = (1/2)5-10 = 25.
Thus the change in position is 25 cm to the right.

Problem code: WXKGB

From ¢ = 0 to t = 4 the velocity is positive so the
change in position is to the right. The area under the
velocity graph gives the distance traveled. The region
is a triangle, and so has area (1/2)bh = (1/2)4-8 = 16.

Thus the change in position is 16 cm to the right
fort =0 to t = 4.

From ¢t = 4 to t = 5, the velocity is negative so the
change in position is to the left. The distance trav-
eled to the left is given by the area of the triangle,
(1/2)bh = (1/2)1-2 = 1.

Thus the total change in position is 16 — 1 = 15 c¢m to
the right.

Problem code: TLTBA

80 ft/sec

5sec

(b) The total distance is represented by the shaded
region A, the area under the graph of v(t).

(¢) A is a triangle, so its area is

1 1
A= §(base) (height) = 5(5 sec)(80 ft/s) = 200 ft

Problem code: HRZYT

The graph of the velocity of the plane is shown below:



v

300kmh F————————————————

i (sec)

30
The distance travelled will be represented by the area
under the velocity graph. However, it is helpful to first
convert everything to meters and seconds:
320 km/h = $2%.320 m/s ~ 88.89 m/s.

A = —(base)(height) = —(30 sec)(88.89 m/s) ~ 1333.3m

1 1
2 2
The plane requires a roughly 1.3 km long runway to
take off.

Problem code: VNYUS

13. A student is speeding down Route 11 in his
fancy red Porsche when his radar system warns
him of an obstacle 400 feet ahead. He imme-
diately applies the brakes, starts to slow down,
and spots a skunk in the road directly ahead
of him. The “black box” in the Porsche records
the car’s speed every two seconds, producing the
following table. The speed decreases through-
out the 10 seconds it takes to stop, although not
necessarily at a uniform rate.

T1m§ since brakes ol 21 4| 6! 810
applied (sec)

Speed (ft/sec) 100 [ 80 | 50 | 25 [ 10 | O

(a) What is your best estimate of the total dis-
tance the student’s car traveled before com-
ing to rest?

(b) Which one of the following statements can
you justify from the information given?

(i) The car stopped before getting to the
skunk.

(ii) The “black box” data is inconclusive.
The skunk may or may not have been
hit.

(iii) The skunk was hit by the car.

To find the distance the car moved before stopping,
we estimate the distance traveled for each two-second
interval. Since speed decreases throughout, we know
that the left-hand sum will be an overestimate to the
distance traveled, and the right-hand sum an under-
estimate. Applying the formulas for these sums with

At = 2 gives:

LEFT = 2(100 + 80 + 50 + 25 + 10) = 530 ft
RIGHT = 2(80 + 50 4 25 4+ 10 + 0) = 330 ft

(a) The best estimate of the distance traveled will be
530 + 330

the average of these two estimates, or 5

430 ft.

(b) All we can be sure of is that the distance traveled
lies between the upper and lower estimates calcu-
lated above. In other words, all the black-box data
tells us for sure is that the car traveled between
330 and 530 feet before stopping. So we can’t be
completely sure about whether it hit the skunk or
not: answer (ii).

Problem code: PLARZ

14. Roger runs a marathon. His friend Jeff rides
behind him on a bicycle and records his speed
every 15 minutes. Roger starts out strong, but
after an hour and a half he is so exhausted that
he has to stop. Jeff’s data follow:

Time since
St (i) 0| 15|30 |45 | 60 | 75 | 90

Speed (mph) | 12 [ 11 | 10 |10 | 8 | 7| O

(a) Assuming that Roger’s speed is never in-
creasing, give upper and lower estimates for
the distance Roger ran during the first half
hour.

(b) Give upper and lower estimates for the dis-
tance Roger ran in total during the entire
hour and a half.

(c) How often would Jeff have needed to mea-
sure Roger’s speed in order to find lower
and upper estimates within 0.1 mile of the
actual distance he ran?

(a) Note that 15 minutes equals 0.25 hours.
For this part we are only interested in the first two
intervals (covering half an hour).
If we always take the highest speed on each interval,
we’ll get an upper estimate; if we take the lower
speed, we’ll get a lower estimate. Since Roger’s
speed is always decreasing, the left-hand sum will
always be the upper estimate, and the right-hand
sum will be the lower.
Upper (left) estimate = 12(0.25) 4+ 11(0.25) = 5.75
miles.
Lower (right) estimate = 11(0.25) + 10(0.25) =
5.25 miles.

(b) In this part, we are interested in all the intervals
in the table (full 90 minutes).
Upper (left) estimate = 12(0.25) + 11(0.25) +



10(0.25) + 10(0.25) + 8(0.25) + 7(0.25)

= 14.5 miles.

Lower (right) estimate = 11(0.25) + 10(0.25) +
10(0.25) + 8(0.25) + 7(0.25) + 0(0.25)

= 11.5 miles.

(¢) The difference between Roger’s pace at the begin-
ning and the end of his run is 12 mph. If the time
between the measurements is At, then the differ-
ence between the upper and lower estimates is 12
At. We want 12 At < 0.1, so

At < % ~ 0.0083 hours = 30 seconds

Thus Jeff would have to measure Roger’s pace ev-
ery 30 seconds if he wanted the distance estimates
to be within 0.1 mile of the actual distance covered.

Problem code: FHFCF

15. The velocity of a particle moving along the z-
axis is given by f(t) = 6 — 2¢ cm/sec. Use a
graph of f(t) to find the exact change in posi-
tion of the particle from time t = 0 to t = 4
seconds.

The change in position is calculated from the area be-
tween the velocity graph and the t-axis, with the region
below the axis corresponding to negatives velocities and
counting negatively.
Yy
6
Motion to right: 9 cm

+
5 t
-2 F f()

Motion to left: 1 cm

The figure above shows the graph of f(t). From ¢t = 0
to t = 3 the velocity is positive. The region under the
graph of f(t) is a triangle with height 6 cm/sec and
base 3 seconds. Thus, from ¢t = 0 to ¢t = 3, the particle
moves

1
Distance moved to right = 3 36 =9 centimeters.

From t = 3 to t = 4, the velocity is negative. The
region between the graph of f(¢) and the t-axis is a
triangle with height 2 cm/sec and base 1 second, so in
this interval the particle moves

1
Distance moved to left = 3 1-2 =1 centimeter.

Thus, the total change in position is 9 - 1 = 8 centime-
ters to the right.

Problem code: ZHJGY

16. A baseball thrown directly upward at 96 ft/sec
has velocity v(t) = 96 — 32t ft/ sec at time ¢
seconds.

(a) Graph the velocity from ¢ = 0 to ¢ = 6.

(b) When does the baseball reach the peak of
its flight? How high does it go?

(c) How high is the baseball at time ¢ = 57

(a) See the figure below.

96\
t

3

o+

—96 v(t)

(b) The peak of the flight is when the velocity is 0,
namely ¢ = 3. The height at ¢ = 3 is given by the
area under the graph of the velocity from ¢ = 0 to
t = 3; see the figure above. The region is a trian-
gle of base 3 seconds and altitude 96 ft/sec, so the
height is (1/2)3 - 96 = 144 feet.

(c) The velocity is negative from t = 3 to t = 5, so
the motion is downward then. The distance trav-
eled downward can be calculated by the area of
the triangular region which has base of 2 seconds
and altitude of -64 ft/sec. Thus, the baseball trav-
els (1/2)2 - 64 = 64 feet downward from its peak
height of 144 feet at t = 3. Thus, the height at time
t = 5 is the total change in position, 144 — 64 = 80
feet.

Problem code: NAQHP

17. Two cars start at the same time and travel in
the same direction along a straight road. The
graph below gives the velocity, v, of each car as
a function of time, t. Which car:

(a) Attains the larger maximum velocity?
(b) Stops first?
(¢) Travels farther?
v (kmihi)
Car A

Car B

t (hr)

(a) Car A has the largest maximum velocity because
the peak of car A’s velocity curve is higher than
the peak of B’s.



(b) Car A stops first because the curve representing its (a) Since car B starts at t = 2, the tick marks on

velocity hits zero (on the t-axis) first. the horizontal axis (which we assume are equally
(¢) Car B travels farther because the area under car spaced) are 2 hours apart. Thus car B stops at
B’s velocity curve is the larger, and area under the t = 6 and travels for 4 'hours. Car A starts at ¢ =0
velocity graph represents distance. and stops at t = 8, so it travels for 8 hours.
Problem code: XBVMJ (b) Car A’s maximum velocity is approximately twice
that of car B (50 km/h), so A’s max velocity is 100
km /hr.

(¢) The distance traveled is given by the area of under
the velocity graph. Using the formula for the area
of a triangle, the distances are given by

Car A travels = — - Base - Height

-8-100 = 400 km

Car B travels = — - Base - Height

-4-50 =100 km.

N RN~ N RN -

Problem code: GXGBQ

The Definite Integral

32
28
24
20
16
12

8
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(a) Left-hand sum. Right-hand sum would be smaller.

(b) Wehavea=0,b:2,n:6,Ag;:%:

W=

Problem code: MBKNB
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(a) The left-hand sum with n = 2 intervals, or At = 4:
3244244 = 224.

(b) The right-hand sum with n = 2 intervals, or
At=4:24-44+0-4=096.

32

32

24 2

16 0) 16 1)

8 8

t t
2 4 6 8 2 4 6 8

() (d)
(c) Left-hand sum with n = 4 intervals, or At = 2:
32-2430-2+24-2414-2 = 200.

(d) Right-hand sum with n = 4 intervals, or At = 2:
30-2424-2+14-240-2 = 136.

Problem code: EWPAZ

The graph given shows that f is positive for 0 <t <1,
so the integral value must be positive: the answer can-
not be -98.35.

Since the graph is contained within a rectangle of
height 100 and length 1, the answer 100.12 is too large.

The graph of f is well above the horizontal line y = 80
for 0 <t < 0.95, so the integral is likely much higher
then 71.84 < 80, so out of the choices given the best
estimate is 93.47: answer (d).

Problem code: UTKXU

(a) The total area between f(z) and the z-axis is the
sum of the two given areas, so area = 7 + 6 = 13.

(b) To find the integral, we note that from z = 3 to
x = 5, the function lies below the x-axis, and hence
makes a negative contribution to the integral. So

/Osf(a:) da::/:f(a:) dx+/35f(x)dxz7_6:1

Problem code: CTYZR (Video Solution by K.C.)

(a) Below are the left and right sums respectively.

Inz

Left sum = f(1)Az + f(1.5)Ax
= (In1)0.5 +1In(1.5)0.5 = (In1.5)0.5
——

=0

Right sum = f(1.5)Az + f(2)Az
= (In1.5)0.5 + (In2)0.5


https://queensu.ca.panopto.com/Panopto/Pages/Viewer.aspx?id=d85ca603-e0ca-4b30-91fe-af5d01443c19

(c) Right sum is an overestimate, left sum is an under-
estimate.

Problem code: HGALL
2
24. Estimate z? dz using left- and right-hand

1
sums with four subdivisions, and then averag-
ing them. How far from the true value of the
integral could your final estimate be?

Left-hand sum gives:

12(1/4) + (1.25)%(1/4) + (1.5)%(1/4) + (1.75)%(1/4) =
1.96875.

Right-hand sum gives:

(1.25)2(1/4) + (1.5)%(1/4) + (1.75)%(1/4) + (2)%(1/4) =
2.71875.

We improve our estimate the value of the integral by
taking the average of these two sums, which is 2.34375.

Since z2 is always increasing on 1 < z < 2, the true

value of the integral lies between 1.96875 and 2.71875.
Thus the most our estimate could be off is 0.375 (half
of the range from 2.34 to the lower and upper bounds
1.97 and 2.72). We expect our 2.34 estimate to be much
closer than that possible error bound though. (And it
is: the true value of the integral is 7/3 ~ 2.333.)

Problem code: YTXSZ

25. Without computing the sums, find the differ-
ence between the right- and left-hand Riemann
sums if we use n = 500 subintervals to approx-

1
imate / (223 4 4) dx.
=il

We have Az = 2/500 = 1/250. The formulas for the
left- and right-hand Riemann sums give us that

Left = Az[f(—1) + f(—1+ Az)+ ...
+ f(1 —2Az) + f(1 — Ax)]
Right = Az[f(—1+ Az) + f(-1+2Az) +...
+ /(1= Az)+ f(1)]:
Subtracting these yields
Right - Left = Ax[f(1) — f(—1)]

L A2
“ 5500 4= 350~ 15

The estimates from the Right and Left sums will differ
by 2/125.

Problem code: DLAXY

27
26. Without computation, decide if / e Tsinx dr
0

is positive or mnegative. [Hint:  Sketch
e~ " sin(z)].

Looking at the graph of y = e~* sin & shown above (re-
member the sketching of variable amplitudes earlier in
the course!), for 0 < x < 27, we see that the area,

Ay, which contributes a positive amount to the inte-
27

gral e ¥sin(z) dzx, is much larger than the area
0

Ay, which contributes a negative amount to the inte-

gral.

Since the positive integral contributions are larger than
the negative, the overall integral will be positive.

Problem code: NPYDY (Video Solution by K.C.)

1—-2 if0<x<1
27. (a) Gmphf(x):{x—l if1<2<?2

2
(b) Find the ezact value of/ f(z) dz (hint:

0
sketch and see what shapes you get).

(c) Calculate the 4-term left Riemann sum ap-
proximation to the definite integral. How
does the approximation compare to the ex-
act value?

L]
[CR.______ NI
El

(b) The area is made up of two triangles, with total
area of 2 x (1/2)(1)(1) = 1 square unit.

(¢) Using Az = 1/2 in the 4-term Riemann sum shown
in right-side graph above, we have

Left hand sum
= f(0)Az + f(0.5)Az + f(1)Az + f(1.5)Ax

()40

We notice that in this case the approximation is ex-
actly equal to the exact value of the integral. This
is mostly coincidence due to the simple shape of
f(x). In general, approximations will not work out
to be exactly the same as the value of the integral.


https://queensu.ca.panopto.com/Panopto/Pages/Viewer.aspx?id=33829b34-ab6b-46e5-93b6-af5d01443c77

Problem code: MUWAF

(a) The area between the graph of f(x) and the z-axis
b
between = a and = bis 13, so / f(z) de =13.

(b) Since the graph of f(x) is below the x-axis for
b<:c<c,/ f(z) de = —2.
b

(c) Since the graph of f(z) is above the z-axis for
a<x<bandbelowforb<x<c,/ f(z) doe =
13-2=11L ‘

(d) The graph of |f(x)| is the same as the graph of
f(z), except that the part below the z-axis is re-
flected to be above it (see graph of |f(z)| below).

Thus/ |f(z)| de =13 +2 = 15.

If ()]
Area = 13

Area = 2

Problem code: DCCTF

The region shaded between x = 0 and x = 2 appears to
have approximately the same area as the region shaded

between z = —2 and z = 0, but it lies below the axis.

0
Since / f(z) dz = 4, we have the following results:
2

(a) /02 f(x) dx = negative of /_02 flx) de=—-4

(b) /_2f(a;) de~4—4=0.

(¢) The total area shaded is approximately 4 + 4 =
8.

Problem code: ZCUDM

0
(a) / f(z) dr = —2: counting squares or comput-
-3
ing areas of the triangles and rectangles in this
region.
(b) We break the integral over the interval z =
—3...5 into pieces, each of which we can find the

areas of.
4 0 3 4
dx = d d d
/_3f(:c) T /_3f(x) x+/0 f(z) x+/3 f(z) dzx
A
=—2+2—5
A
T2

Problem code: RHKVQ

(a) Since two rectangles are being used, the width of
each rectangle is Az = (6 — 0)/2 = 3. The height
is given by the left-hand endpoint so we have

LEFT(2) = f(0)-3+ f(3)-3
=0%-3+3%.3=27

(b) Again, Az = 3. The height of each rectangle is
given by the right-hand endpoint so we have
RIGHT(2) = f(3) -3+ f(6)-3
=9-3436-3=135



(c) We know that TRAP is the average of LEFT and
RIGHT and so
27+ 135

TRAP(2) = =~ =8l

(d) Az = 3 again. The height of each rectangle is given

by the height at the x midpoint of each interval:
| | ‘ |

T | 1 | | @
0 3 6
rx=15 r=4.5

so we have
MID(2) =) f(x)
= f(1.5) -3+ f(4.5)-3
(1) 3+(45) -3
=675

Problem code: LTVAG

4
32. (a) Find LEFT(2) and RIGHT(2) for / (22 +
0
1) dx.

(b) Illustrate your answers to part (a) graphi-
cally. Is each approximation an underesti-
mate or overestimate?

(a)
LEFT(2) =2 f(0) +2- f(2)
=2.1+2-5
=12
RIGHT(2) = 2- f(2) +2- f(4)
=2-5+2-17
=44
(b)
fla)=a2 41 fa)=22+1
Area shaded Area shaded
=LEFT(2) =RIGHT(2)
2 4 ! 2 4 !

LEFT(2) will be an under-estimate, while

RIGHT(2) will be an over-estimate.

Problem code: TZBQQ

4
33. (a) Find MID(2) and TRAP(2) for / (x? +
0
1) dx.

(b) Tlustrate your answers to part (a) graphi-
cally. Is each approximation an underesti-
mate or overestimate?

MID(2) =2- f(1) 42 f(3)
=2.2+2-10
— 24

LEFT(2) + RIGHT(2)

TRAP(2) = 5

C12+44
2
=28

fl@) =22 +1 flz) =22 +1

Area shaded
T

Area shaded
=MD(2) =TRAP(2)

=]

T T

2 4 2 4

MID(2) is an underestimate, since f(x) = 22 + 1
is concave up; this means that the new growth of
the function after the midpoint (missed by MID)
will be greater than extra area before (captured
by MID).

Since f(x) is concave up, TRAP(2) is an over-
estimate, because the trapezoidal secant lines in
the TRAP rule will always lie above the original
curve, leading to more area in the trapezoids than
under the curve.

Problem code: XRLNB

34. Calculate the following approximations to

/ sin(6)df. (a) LEFT(2); (b) RIGHT(2);
(c) TRAP(2); (d) MID(2)

(a) Since two rectangles are being used, the width of
each rectangle is Ax = (7 — 0)/2 = /2. The
height is given by the left-hand endpoint so we
have

LEFT(2) = £(0)- 5 + f(n/2)- 5

=sin0- g + sin(m/2) - %

B

(b) Again Az = 7 /2. The height of each rectangle
is given by the right-hand endpoint so we have

RIGHT(2) = f(r/2)- 5+ f(r) - 5
= sin(mw/2) - g + sin(7) - g
2

10



(c) We know that TRAP is the average of LEFT

and RIGHT and so

TRAP(2) = LEFT(2) + RIGHT(2) _
2 2

(d) Again, Az = 7/2. The height of each rectan-

gle is given by the height at the midpoint so we

have

=

MID(2) = f(n/4) - 5 + f(37/4) -

— N

= sin(n/4) - g + sin(37/4

_ Vo
T2

s
2

Problem code: PWUCS

Let s(t) be the distance traveled at time ¢, and v(t)
be the velocity at time ¢. Then the distance traveled

6
during the interval 0 <t < 6 is given by / v(t) dt.
0

We estimate the distance by estimating this integral.
From the table, we find:

o LEFT(6) = (At)( sum of 6 LEFT velocity values)
=(1)B3+4+5+4+7+8)=31m;

e RIGHT(6) = (At)( sum of 6 RIGHT velocity val-
ues) = (1)4+54+4+7+8+11) = 39 m;

o TRAP(6) = longer calculation using the (average
velocity time At) on each interval, or
average of LEFT(6) and RIGHT(6) =
31+ 39
=35 m.

2
Problem code: UYWPM

/24 w/2 _

™

2

37.

38.

39.

f(z) is increasing, so RIGHT gives an overestimate and
LEFT gives an underestimate.

Problem code: EXUCW

f(z) is concave down, so MID gives an overestimate
and TRAP gives an underestimate.

Problem code: WCZPR

f(z) is decreasing and concave up, so LEFT and TRAP
give overestimates and RIGHT and MID give underes-
timates.

Problem code: QCUZQ

f(z) is concave up, so TRAP gives an overestimate and
MID gives an underestimate.

Problem code: DTGNX

11



From the graph of sine above, and the fact that
the integral includes a complete [0, 27] cycle, it is
clear from symmetry that the positive and negative
contributions to the integral must be equal, so

2m
/ sin(f) do =0
0

(b) Again, refer to the graph above. MID(1) is 0 since
the midpoint of 0 and 27 is 7 and sinw = 0. Thus
MID(1) = 2w sin7 = 0.

The midpoints we use for MID(2) are n/2 and
37/2, and sin(7w/2) = —sin(37/2). Thus MID(2)
= 7sin(n/2) + 7sin(37/2) = 0.

(¢) MID(3) = 0. In general, MID(n) = 0 for all n,
even though your calculator (because of round-off
error) might not return it as such. The reason is
that sin(z) = —sin(27r — z). If we use MID(n), we
will always take sums where we are adding pairs of
the form sin(z) and sin(27 — z), so the sum will
cancel to 0. (If n is odd, we will get a sin7 in
the sum which does not pair up with anything, but
sin7 is already 0.)

Problem code: GQZHW

41. The width, in feet, at various points along the
fairway of a hole on a golf course is given in the
figure below. If one pound of fertilizer covers
200 square feet, estimate the amount of fertilizer
needed to fertilize the fairway. Select the most
accurate estimate approach from the methods
covered in the class.

0 100 200 300 400 500 600 700 800 900 1000

Of our approaches, the two with higher accuracy are
TRAP and MID. However, we have information in the
diagram about the width of the golf course fairway at
the ends of each interval, which is the information we
would need for a TRAP estimate.

We approximate the area of the playing field by using
Riemann sums. From the data provided, we can first
estimate the area of the fairway:

TRAP(10)
_ (‘”280) (100) + <80 ; 85) (100) + ...

n (105—;110) (100) + (110;—0) (100)

= 89,000 square feet.

With that area, and the fact that one pound of fertilizer
89,000 sq. ft.

200sq. ft./Ib
445 1bs. of fertilizer should be necessary.

Note: for this problem, if you had used LEFT or
RIGHT to estimate the fairway area, you would find
that all 3 estimates are the same. The fact that
LEFT=RIGHT=TRAP here doesn’t mean there is no
error in the estimate; it actually means that the er-
ror is completely unknown. You will always have this
relationship when the first and last heights are equal
because that makes LEFT = RIGHT, and then TRAP
(= average of LEFT and RIGHT) will equal the same
value as well.

Problem code: WDSDD

covers 200 square feet, approximately
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