Week #3 - Differentiation of Vector-Valued Functions

Some problems and solutions selected or adapted from Stewart Calculus and Hughes-Hallett Calculus-Early
Transcendentals.

Derivatives of Vector Functions

(b) r(4 52]; r(4) = 2[r(4.5) — r(4)], so we draw a vector in the same direction but with twice the length of the vector
r(4.5) — r(4)
r(4.2) — r(4)

=5[r(4.2) — r(4)], so we draw a vector in the same direction but with 5 times the length of the vector

(c) By definition 1 (Stewart 7th, pg. 871), r'(4) = ’llim ML})L_I.(ZL)

=0
_ '@
e (I
(d) T(4) is a unit vector in the same direction as r’(4), that is, parallel to the tangent line to the curve at r(4), but with
length 1.

The unit (= length 1) tangent vector is T(4)
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Problem code: RGSMT

(a) The curve can be represented by the parametric equations x = t2,y = ¢,0 < t < 2. Eliminating the parameter, we
have = 3%,0 < 2 < 2, a portion of which we graph here, along with the vectors r(1),r(1.1), and r(1.1) — r(1).

r(l.1)—r(1)

0.5

(b) Since r(t) = (t,t), we differentiate components, giving r'(t) = (2t,1), so r'(1) = (2,1).
r(l.l?); rd) _ <1'21’1‘01>1_ LY 10 0021,01) = (2.1,1),




r(l.1)=r(1)

0.5

r(l+h) —r(1)
-

as the expression after the limit sign with h = 0.1. Since h is close to 0, we would

As we can see from the graph, these vectors are very close in length and direction. r'(1) is defined to be ’lbir%
o

and we recognize M
r(1.1) — r(1)

01 to be a vector close to r'(1).

expect

Problem code: FGCGU

(a) Sketch can be done using either a table of values, or by eliminating the parameter.
Eliminating the parameter: since (r +2)? =t> =y —1 =y = (z +2)% + 1, the curve is a parabola.

(b) () = (1,2¢), r'(=1) = (1,-2)
()

(—3,2)

r=1) r=1)

o =

Problem code: XWFKA (Video Solution by K.M.)

(a) Sketch can be done using either a table of values, or by eliminating the parameter.
Eliminating the parameter: since z = t> = (¢3)%/3 = 32/3, the curve is the graph of x = y*/3. Refer to (c) for the
sketch.

(b) ¥'(t) = (2t,3t2), r'(1) = (2,3)
(c)


https://queensu.ca.panopto.com/Panopto/Pages/Viewer.aspx?id=3e52871c-a2e3-4a14-a376-af32018212be

Problem code: NFMTF (Video Solution by K.M.)

5. Repeat question 3 for the vector equation r(¢) = (sint,2cost), ¢=m/4.

(a) Since z = sin(t),y = 2cos(t), so 22 + (y/2)? = 1. This relation (close to the formula 2% + y? = 72 for a circle) defines
an ellipse. Refer to (c) for the sketch.

(b) r'(t) = (cost, —2sint), so r'(%) - <§,—\/§>
(c)
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Problem code: ZLFGY (Video Solution by K.M.)

6. Repeat question 3 for the vector equation r(t) = (e?,e™?), t=0.

1 1 1
(a) Since y = et = — = —, the curve is part of the hyperbola y = —. Note that z > 0,y > 0 because both z = et and
e x x
y = e~ ! give positive values for all t. Refer to (c) for the sketch.

(b) r'(t) = (" —e™), 1'(0) = (1, -1)
()

(1,1)
r(0)
r'0)

Problem code: LQJVF


https://queensu.ca.panopto.com/Panopto/Pages/Viewer.aspx?id=d13bcbb2-ce58-4373-94d6-af32018212f5
https://queensu.ca.panopto.com/Panopto/Pages/Viewer.aspx?id=eb0b6319-4a5c-406a-b39a-af32018212db

(a) r'(t) = <% [tsint], % (] % [t cos2t]) = (tcost + sint, 2t, 2t(— sin 2t) + cos 2t>

= (tcost + sint, 2t, cos 2t — 2t sin 2t)
(b) r(t) = (tant,sect,1/t?) = r'(t) = (sec®t,secttant, —2/t%)
r(t)

(©) r() = (1.1,2V) = r’(t)=<1,0,2(%t‘1/2)>=<1,0,%>

1 t ot
(d) r(t)_<1+t’1+t’1+t>

g J0=1(1) Q+8)-1—t(1) (14¢)-2t—t3(1)\ 1 1 2 + 2t
0=t i ) = e )

(@) (1) = (¢, ~LIn(1+30)) = ¥(r) = <2tet2, %>
(f) r'(t) = ([a t(—3sin(3t)) + acos(3t)] ,b- 3sin® t cost,c - 3cos® t(—sint))

= ((acos(3t) — 3atsin(3t)), 3bsin’ t cost, —3ccos® tsint)

Problem code: VEZFS

(uq () + vi(t), uz(t) + va(t), ug(t) + vs(t))

&I@
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o u(t) + ()] =

Il
N

S n0) + 0] 5 a8+ (0] G (o) + 0] )
= (U (6)+ 4 (6), 1) + wh(0), u (1) + w5 (1)
= (0 (0, (1), WA (1)) + (0 0), (8), A (1)) = w'(8) + v/ (1)

Problem code: ZKKTG




d d
o F@u®)] = 2 (f{Oui(t), f()ua(?), £ (t)us(2))

d d d
G U] 5 O], 4 Fou)

"(Bur (t) + f()ur (0), ' (Rua(t) + f(B)us (D), f'(Dus(t) + f()us(t))
= [ () (ua(t), ua(t), us(t)) + F(£)(ur (1), us(t), uz(t)) = f'(t)u(t) + f(H)u'()

—_

Problem code: PGAYY

Motion In Space: Velocity And Acceleration

(a) If r(t) = =(t)i+ y(t)j + z(¢t) k is the position vector of the particle at time ¢, then the average velocity over time
interval [0, 1] is
r(1) +r(0) (45i+6.0j+3.0k) — (2.7i+9.8j + 3.7k)

Vang =~ o = : =18i—38j—0.7k

Similarly, over the other intervals we have

r(1) —r(0.5)  (45i+6.0j+3.0k) — (3.5i+7.2j+3.3k)

5.1] ¢ Vang = - —2.0i-24j 0.

[0.5,1] : Vaug T 0E 0E 2.0i—-24j—-0.6k
12 - r(1) (7314 7.8j+2.7k) — (4514 6.0,j+ 3.0k

1.2): vavgzr(2_1()=( Sub A )1( 14603430k _ 55418503,k
15) —r(1)  (5.9i+6.4j+2.8K) — (45i +6.0j+ 3.0k

[1,15]: gy = = 152_1;()=(591+6 1128 )05( SIH605+30K) _ygi 4085 0.4k

(b) We can estimate the velocity at ¢ = 1 by averaging the average velocities over the time intervals [0.5, 1] and [1, 1.5],
so

v(1) ~ Z[(2i —2.4j — 0.6k) + (2.81 4 0.8j — 0.4k)] = 2.4i — 0.8j — 0.5k

N | =

Then the speed is

[lo(1)]| = v/(2.4)2 + (=0.8)2 + (—0.5)2 =~ 2.58

Problem code: CSPKZ
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(b) "
. (1,4)
r(t) = (2—t,4V1) = Att=1: all)
V() =1'(t) = (-1,2/V}) v(1) = (-1.2)
a(t) =x"(t) = (0.-1/¢?) a(1) = (0,-1)
vl = VT4t
0 x
(©)

r(t) =3costi+ 2sintj = Att=m7/3: 0,2)~ (3.43)

T 33 k

i . T s 3,0

v(t) = —3sinti+ 2cost] v(3)_ . it Z%)\/ )
m 3 0

a(t) = —3costi—2sintj a(g):_ii_ﬁj

[[v(t)|| = V9sin®t + 4 cos? t =

\/5sin2t+4sin2t+4cos2t: \/55in2t+4




(d)

r(t)=e'i+ej = Att=0:
v(t) = e'i42e¥j v(0) = i+2j
a(t) =e'i+4e?j a(0) =i+4j

[V(E)]| = Vet + dett = et \/1 + 4e2t

(e)
rt) =ti+t*j+2k = Att=1:
v(t) =1+ 2t] v(l)=i+2]j
a(t) =2j a(l) =2j

[lv(®)]] = V' 1+ 4¢?

Here x = t,y =t> = y = 22 and z = 2, so the path of the particle is a
parabola in the plane z = 2.

()
r(t) =ti+2costj+sintk = Att=0:
v(t) =1i—2sintj+ costk vi0)=i+k
a(t) = —2costj—sintk a(0) = —2j

[|v(t) ||:\/1+4sin t+cos2t =2+ 3sin®t

Since y2?/4 + 22 = 1,2 = t, the path of the particle is an elliptical helix
about the z-axis.

Problem code: BQZBM

(a) T(t) = (P +t, 12— t,t3) = v(t) =1/(t) = (2t + 1,2t — 1,3t?), a(t) =Vv/(t) = (2,2,6t)
I[v(O)|| = (2t +1)2 + (2t — 1)2 + (3t2)2 = VOt* + 82 + 2

(b) r(t) = (2cost,3t,2sint) = v(t) =1'(t) = (—2sint,3,2cost), a(t) =v'(t) = (—2cost,0, —2sint)
Iv(®)]| = V4sin?t +9 + 4cos? t = /13

(¢) r(t) =V2ti+etj+e?k = v(t)=r(t)=v2i+ej—etk, alt)=v/(t)=c'j+etk
VOl = V2+ e +e 2 = \/(e! +et)2=e +e

(d) r(t) =i+ 2tj+Intk = v(t)=r'(t)=2i+2j+ (1/0)k, a(t)=v'(t)=2i— (1/*)k



[[v(t)|| = /42 + 4+ (1/t2) = /[2t + (1/1)]2 = ‘Qt—&- H

(e) r(t) = e'(cost,sint, t) =

v(t) =1/(t) = e'(cost,sint,t) + et (—sint,cost, 1) = e'{cost — sint,sint + cost,t + 1)
a(t) = v/(t) = e(cost — sint — sint — cost,sint + cost + cost —sint,t + 1 + 1) = e!(—2sint, 2 cost, t + 2)
[v(t)]] = et\/cos? t + sin®t — 2costsint + sin®t + cos?t + 2sint cost + 2 + 2t + 1 = e' /22 + 2t + 3
(f) r(t) = (¢?,sint — tcost,cost + tsint) =
v(t) =1r'(t) = (2t,cost — (—tsint + cost), —sint + tcost + sint) = (2t,tsint,t cost)
a(t) =v/(t) = (2,tcost + sint, —tsint + cost)

IIV(0)]| = V/rt2 + 2 sin® t + 2 cos? t = VA2 + 12 = V/5t2 = /5t [since t > 0).

Problem code: NJPTC

13. Define a vector-valued function for the path of a particle in R? that:

e begins at (z,y) = (=3,1) at t = 0;
e moves clockwise around a circle of radius 6, centered at the point (3, 1),

e moves at a constant speed of 8 m/s. (Assume ¢t is in seconds, and z and y are in meters.)

There are several possible answers to this question, though they are all based on similar constructions.

Recall that a basic counter-clockwise motion around the origin, with radius 1, is given by r(¢) = (cos(¢),sin(t)). We can
simply make incremental changes to this form to get the more complicated desired behaviour.

Radius 6: r(t) = (6 cos(t), 6sin(t))
Center at (3, 1): r(t) = (6cos(t) + 3, 6sin(t) + 1)

The other points require a little more explanation or check-and-correct.

Start at (—3,1)

r(t) = (6cos(t) + 3, 6sin(t) + 1) starts at (6 4+ 3,0+ 1) = (9,1). The start y is fine, but the start = needs to be changed
to the opposite/left end of the circle. We can do that by subtracting the 6 cos(t) instead of adding it.

r(t) = (—6cos(t) + 3, 6sin(t) +1) - r(0) =(-6+3,1) =(-3,1)

Clockwise rotation

We check to see which way the function is rotating now. One way is by subbing

. . i ey E A S
in some time values. L P
r(t) = (—6cos(t) + 3, 6sin(t) + 1) /( ~~~~~
sor(0) =(-3,1) [
A S e
d 2 = 37 7 S x
and x(n/2) = (3,7) [ :
This rotation is already clockwise, as seen in the sketch to the right.

Constant speed of 7 m/s

We change the speed by modifying the multiplier of t inside the sine and cosine.

r(t) = (—6cos(At) + 3, 6sin(At) + 1) has velocity
r'(t) = (+6Asin(At), 6Acos(At)) which gives a speed/magnitude of



speed = [|r'(t)|| = \/(6Asin(At))2 + (64 cos(At))2

- \/ 36 A2 sin?(AT) + 36 A2 cos2(AT)

common factors: = 6Ay/sin?(AT) + cos2(AT)

trig identity: = 6A4v/1
=6A

So to achieve a constant speed of 8 m/s, we need to pick 8 = 64, or A =8/6 = 4/3.
Thus a working solution is r(t) = (—6 cos (5t) + 3, 6sin (5t) + 1)
Problem code: YBWPC

14.

Your battle robot, equipped with a forward-facing cannon, is attempting to shoot a projectile at a target located
at (8,3). To avoid your own robot being hit, you've programmed the robot to follow a somewhat complicated
trajectory given by (—t2 + 4,2t), over the time interval —10 < ¢ < 10.

(a) Sketch the trajectory and the target point to estimate the possible launch times where the cannon could hit
the target.

(b) Determine the exact time value(s) that your cannon could fire and hit the target.

Assume the robot, and its cannon, are always facing in the direction of the current velocity vector.

(a) To sketch the graph, you can sub in some test points from ¢ = 10 to ¢ = 10.

Based on the graph, it looks like there are two possible launch times where a tangent line would pass through (8, 3):
e One time between ¢t = —2 and ¢t = 0, and

e a second time after t = 2.

Note from the directions though that only the point before ¢t = 0 can launch forward to hit the target. The
other tangent line (dotted in the diagram) would require the cannon to fire backwards to hit the target, and that isn’t
allowed in our scenario.

To identify the launch times, we build a parametric formula for the tangent lines. Assume that we fire the cannon
at time ¢ = a, our position over time on the tangent line will be defined by

L(t)= r(a) +v(a):- (t—a)
=

start pos vel  time after launch

10



We have r(t) = (—t2 + 4,2t).

Taking its derivative, we get the velocity

v(t) = (—2t,2).

Evaluating both at time ¢ = a, we get the line formula L(t) = (—a? + 4, 2a) + (—2a,2) - (t — a).

We now use our target point to solve for possible a values: we require that L(t) = (8, 3) for some ¢ value, or
(8,3) = (—a? +4,2a) + (—2a,2) - t.

Looking at the simpler y coordinates first, we require

w
|
[\
S
—+
—~
)
~
—~
~
I
S
~

Solving for t: 3 —2a=2(t —a)

t

N w

Substitution that ¢ value into the = coordinate equation,
8=—a’+4+(—2a)(t —a)

3
8= —a’+4+(—2a) (2—a>
8= —a?+4+ —3a+ 24>
0=0a%>—-3a—4
0=(a—4)(a+1)

Our possible launch times are therefore a = +4 and a = —1 seconds.

From part (a) however, we know that only the launch time at a = —1 seconds will let the cannon shoot forward to
hit the target, so our launch time should be at ¢ = —1 seconds during the trajectory.

Problem code: JQVMR (Video Solution by K. A.)
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https://queensu.ca.panopto.com/Panopto/Pages/Viewer.aspx?id=d83a0e32-4c56-448f-a127-b0bd001eeb24

